Introduction {#Sec1}
============

Finding a well-defined theory for quantum gravity is a major challenge of modern theoretical physics. The asymptotic safety scenario \[[@CR3]\] is a promising approach towards a solution to this problem. It relies on the description of quantum gravity in terms of a local, fundamental quantum field theory of the metric. Within this scenario the UV and IR limits of the theory remain well defined but possibly approach strong-coupling regimes where perturbation theory is not applicable.

Non-perturbative functional renormalisation group (FRG) techniques and their application to quantum gravity \[[@CR4]\] allow for detailed studies of these strong-coupling regimes. They provide evidence for the existence, and by now also reveal some of the properties of a non-trivial UV fixed point of the renormalisation group flow. The latter controls the UV behaviour of the theory and renders it finite at arbitrarily high energies. For pure gravity such a fixed point was first found in basic Einstein--Hilbert approximations \[[@CR4]--[@CR6]\] and later confirmed in more elaborate truncations \[[@CR1], [@CR7]--[@CR25]\], for reviews see \[[@CR26]--[@CR29]\]. First studies of gravity combined with minimally coupled matter have led to interesting results and developments \[[@CR2], [@CR30]--[@CR37]\]. As a key observation, the non-trivial interplay among the fluctuation dynamics of all involved fields has a crucial impact on the UV behaviour of the theory.

All theories of quantum gravity have to allow for the inclusion of dynamical and potentially (self-)interacting matter \[[@CR38]--[@CR42]\]. In Non-Abelian gauge theories coupled to matter, the gluon-induced fermion correlations are responsible for the generation of fermion masses at low energies. In these theories, the gauge coupling becomes large at low energies and eventually exceeds a critical value. This critical gauge coupling is responsible for induced strong correlations among fermions which lead to chiral symmetry breaking and the generation of fermion masses at low energies. By contrast, gravity becomes strongly interacting in the ultraviolet within the asymptotic safety scenario. This raises the question whether there exists a critical gravitational coupling for which chiral symmetry is broken dynamically at high energies. Crucially, the generation of fermion masses at high energies would result in large masses for fermions in the IR. This is not in agreement with observation, and has to be dealt with in asymptotically safe theories of gravity with matter. The question arises whether there are mechanisms at work that prevent a theory of fermions and gravity from being driven to criticality. One scenario is that the critical coupling is never reached for general initial conditions. In a less restrictive scenario, the system could in principle reach criticality but only for an unphysical set of parameters.

In a previous study \[[@CR38]\], the authors find no indications for chiral symmetry breaking in a combined setup of a flat expansion and a background field approach treating the anomalous dimensions of the involved fields as input parameters. In the present work, we reconsider the question of gravity-induced chiral symmetry at energies of the order of the Planck scale on a more general basis in the self-consistent vertex expansion scheme put forward in \[[@CR1], [@CR2], [@CR7], [@CR8]\]. In particular, the present setup provides the dynamical couplings (as opposed to the background couplings; see \[[@CR2]\]) of the system and allows for the self-consistent calculation of anomalous dimensions. The results are, to a large degree, regularisation scheme independent and also include dynamical anomalous dimensions for all field species. We show that the phase diagram of NJL-type interacting fermion theories is topologically stable under the influence of asymptotically safe quantum gravity. Our study implies that metric gravity and the asymptotic safety scenario stay consistent under the inclusion of an arbitrary number of fermions with a point-like 4-fermion interaction.

Quantum fluctuations in gravity with fermionic matter {#Sec2}
=====================================================

The quantum effective action is the quantum analogue of the classical action and encodes all quantum fluctuations of the theory. In the present case of gravity coupled to fermionic matter we have the effective action $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma ^{(n)}$$\end{document}$, the amputated *n*-point correlation functions. The effective action depends on a background metric $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$, which comprises all fluctuating gravity and matter fields. The full metric field $\documentclass[12pt]{minimal}
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                \begin{document}$$h_{\mu \nu }$$\end{document}$, respectively. For the present theory of gravity and fermions, the complete set of fluctuating fields is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$R_k[{\bar{g}},\phi ]$$\end{document}$ to the classical action we obtain the scale-dependent effective action $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _k[{\bar{g}},\phi ]$$\end{document}$. It gives an effective description of the physics at scale *k* in the spirit of the Wilsonian renormalisation group. The flow of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _k[{\bar{g}},\phi ]$$\end{document}$ is governed by the Wetterich equation \[[@CR43]\], applied to gravity \[[@CR4]\]. For the given field content ([1](#Equ1){ref-type=""}) it reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Tr}$$\end{document}$ denotes the summation over discrete and integration of continuous variables. We abbreviate by a dot derivatives with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$k_0$$\end{document}$ is some arbitrary reference scale. Figure [1](#Fig1){ref-type="fig"} depicts Eq. ([2](#Equ2){ref-type=""}) in terms of diagrams. From now on, we will drop the regulator insertions in the diagrams as well as the arrows for Grassmann-valued fields for convenience.Fig. 1Flow equation for the scale-dependent effective action $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _k$$\end{document}$ in diagrammatic representation. The *double*, *dotted*, and *solid lines* correspond to the graviton, ghost, and fermion propagators, respectively. The *crossed circles* denote the respective regulator insertions

Equation ([2](#Equ2){ref-type=""}) cannot be solved for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _k[\bar{g},\phi ]$$\end{document}$ in full generality. Therefore, the effective action is typically truncated to a finite set of functionals $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _k[\bar{g},\phi ]$$\end{document}$ is given in terms of a vertex expansion in the fluctuating fields $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma ^{(n)}(x_1,\ldots ,x_n)$$\end{document}$. As can be seen from ([2](#Equ2){ref-type=""}), the two-point functions plays a pivotal r$\documentclass[12pt]{minimal}
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                \begin{document}$$Z_\phi $$\end{document}$ are the momentum-dependent wave function renormalisations. Similarly, the vertices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _k^{(n)}$$\end{document}$ are parameterised as$$\documentclass[12pt]{minimal}
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                \begin{document}$$n_\psi $$\end{document}$ denote the number of graviton, ghost and fermion legs, respectively. For the two-point functions ([7](#Equ7){ref-type=""}) boils down to ([6](#Equ6){ref-type=""}). A more detailed description of the features of the present truncation can be found in \[[@CR1], [@CR2], [@CR8]\]. For $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{\vec n}$$\end{document}$ are the *k*-dependent couplings of the theory. For example, for the pure gravitational vertices, i.e., $\documentclass[12pt]{minimal}
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Consequently, the complete system is governed by the flow of the three couplings given above and a coupled system of equations for the anomalous dimensions $\documentclass[12pt]{minimal}
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Classical action {#Sec3}
----------------

The classical action *S* is given by the sum of the gauge-fixed Einstein--Hilbert action $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma ^\mu $$\end{document}$ denotes the matrix-valued spin connection. The kinetic term is invariant under ([16](#Equ16){ref-type=""}) and, therefore, is chirally symmetric. The operator $\documentclass[12pt]{minimal}
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                \begin{document}$$/\!\!\!\nabla $$\end{document}$ is defined using the spin-base invariant formalism introduced in \[[@CR45]--[@CR47]\] which avoids the use of a vielbein. In particular, it circumvents ambiguities associated with the gauge fixing of the vielbein's additional Lorentz symmetry \[[@CR46]\]. The latter formulation relies on spacetime-dependent spin connection and gamma matrices, which is made explicit in ([17](#Equ17){ref-type=""}). Note that we will drop the spacetime dependence from the notation in the following for convenience.

NJL-model with one fermion {#Sec4}
--------------------------

As a simple, Fierz-complete model for interacting fermions, we consider the NJL-model with one fermion flavour $\documentclass[12pt]{minimal}
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                \begin{document}$$(\partial _t G,\partial _t \Lambda _i,\eta _h,\eta _c,\eta _\psi )$$\end{document}$. This crucial feature of the present truncation will be discussed in more detail below.

Chiral fermions and asymptotic safety {#Sec5}
=====================================

Chiral symmetry breaking {#Sec6}
------------------------

In this work, we study gravity-induced chiral symmetry at Planck-scale energies. The spontaneous breaking of chiral symmetry occurs if a non-zero expectation value $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ is represented by a dashed line. As a result of the transformation, the momentum dependence of the 4-fermion vertex is modelled by the mediation of $\documentclass[12pt]{minimal}
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In the following, however, we leave the bosonised formulation aside and study directly the flow of the dimensionless 4-fermion couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$i=v,\sigma $$\end{document}$ of the potential ([18](#Equ18){ref-type=""}). This allows us to investigate whether chiral symmetry breaking according to ([19](#Equ19){ref-type=""}) is in fact realised in the present model; see e.g. \[[@CR49]--[@CR52]\]. At one-loop level, the 4-fermion interaction is generated by the interaction with gravity via the diagrams given in Fig. [3](#Fig3){ref-type="fig"}, and hence is proportional to the Newton coupling squared, $\documentclass[12pt]{minimal}
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                \begin{document}$$G^2$$\end{document}$.Fig. 2Transition of a point-like 4-fermion coupling to scalar-field-mediated interaction

Fig. 3Gravity-induced contributions to the flow of the 4-fermion coupling. The diagrams generate a non-zero 4-fermion self-interaction dynamically, even though the corresponding 4-fermion couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$p/\Lambda _\mathrm{QCD}$$\end{document}$ (*shaded* region). *Right* Running of the gravitational coupling *g* calculated from the analytical flow equations given in \[[@CR1]\]. The *shaded* region represents the interval, where chiral symmetry breaking could take place provided there exists a critical value for *g*(*k*), $\documentclass[12pt]{minimal}
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This structure is reminiscent of that leading to chiral symmetry breaking in QCD, where it generates the large low-energy constituent quark masses. In the latter case, the gauge coupling $\documentclass[12pt]{minimal}
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The analysis in \[[@CR48]\] favours a scenario in which $\documentclass[12pt]{minimal}
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                \begin{document}$$g=G k^2$$\end{document}$ becomes stronger with increasing RG-scale. Figure [4](#Fig4){ref-type="fig"} shows *g* as a function of $\documentclass[12pt]{minimal}
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                \begin{document}$$k\approx M_\mathrm{Planck}$$\end{document}$. Hence, in contrast to the case in Yang--Mills theories, the existence of a critical coupling for gravity would lead to the generation of fermion masses at energies of the order of the Planck scale. This, however, leads to fermion masses of the order of the Planck scale in the IR, which are not observed in nature.

Asymptotic safety {#Sec7}
-----------------

It is well known that the NJL-model without gravity interactions exhibits a (Gaussian) IR stable fixed point of the renormalisation group flow. Furthermore, theories of the latter kind have a well-defined UV limit due to the existence of several (non-Gaussian) fixed points with UV stable directions. Thus there exist well-defined limits both for the IR, $\documentclass[12pt]{minimal}
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On the other hand, there is strong evidence that quantum gravity defined in terms of a quantum field theory of the metric, is asymptotically safe. Therefore, the latter has a well-defined, although strongly coupled UV limit controlled by a UV attractive fixed point. The usual Gaussian fixed point always features one IR attractive direction. Careful studies of the IR behaviour of quantum gravity even suggest the existence of more IR fixed points, apart from the Gaussian fixed point \[[@CR8]\]. The purpose of this work is now to analyse the UV and IR behaviour of the--- minimally coupled---combined theory of interacting fermions and quantum gravity. The minimal coupling connects the two theories via the kinetic term in the fermionic action $\documentclass[12pt]{minimal}
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                \begin{document}$$S_\mathrm{ferm}$$\end{document}$, which is a function of the fluctuating graviton field *h*.

First, we discuss in which way the two theories interfere due to the minimal coupling. To this end, we neglect the fermion interaction due to $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\psi ,\bar{\psi })=0$$\end{document}$ the flows for the graviton and fermion 2-point functions receive mutual loop contributions due to their minimal coupling. The first two diagrams in Fig. [5](#Fig5){ref-type="fig"} depict possible contributions to the latter flows.Fig. 5Loop contributions to the flow of the 2-point functions which involve interactions of the fermion field

The resulting interaction of free fermions with gravity is well known to alter the UV behaviour of the complete theory considerably \[[@CR2], [@CR12], [@CR35]\]. However, in all approaches the inclusion of one fermion is no threat to the existence of the UV fixed point. Hence, the combined theory of free fermions minimally coupled to gravity remains well defined.

In the remainder of this work we consider interacting fermions thus $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\psi ,\bar{\psi })\ne 0$$\end{document}$. Note that the 4-fermion interaction along with all 2*n*-fermion interactions are generated dynamically due to the coupling to gravity in the loops. Hence, truncations which disregard the latter interactions cannot capture this part of the flow. The fermion potential ([18](#Equ18){ref-type=""}) discussed in this work includes a Fierz-complete basis of momentum-independent 4-fermion interactions, thereby neglecting the higher 2*n*-fermion vertices.

As mentioned above, non-vanishing 4-fermion interactions $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\psi ,\bar{\psi })\ne 0$$\end{document}$, do not alter the flow of the minimally coupled sub-system of fermions and gravity. This can be understood by considering the possible contributions to the flow of the *n*-point functions that play a rôle here. The 4-fermion interaction enters the flow of the lower order *n*-point functions only via the third diagram in Fig. [5](#Fig5){ref-type="fig"}. The latter diagram can only contribute to the fermion anomalous dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _\psi $$\end{document}$. It does not, however, since the 4-fermion interaction is momentum independent and no external momentum runs in the loop. The resulting decoupling of the flow of the 4-fermion interaction from the rest of the system manifests itself in the fact that the minimally coupled sub-system of fermions and gravity, $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{\lambda }_v$$\end{document}$.

On the other hand, we will see that the flow of the 4-fermion interaction is influenced by the interaction with gravity. Hence, the task is to study which impact the gravity interactions have on the UV and IR behaviour of the 4-fermion theory and, thus, the existence of fixed points of the beta-functions $\documentclass[12pt]{minimal}
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                \begin{document}$$(\beta _{\lambda _\sigma },\beta _{\lambda _v})=(\partial _t{\lambda _\sigma }, \partial _t{\lambda _v})$$\end{document}$ and their stability. The latter are properties of the phase diagram and closely linked to the onset of chiral symmetry breaking during the flow from the UV towards the IR.

Flow equations {#Sec8}
==============

In terms of diagrams, the flow of the 4-fermion interaction is given in Fig. [6](#Fig6){ref-type="fig"} where we have ordered the diagrams according to the their powers in *G* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{\lambda }_i$$\end{document}$.Fig. 6The flow of the 4-fermion coupling given in terms of diagrams. The first, second and third line constitute contributions proportional to $\documentclass[12pt]{minimal}
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The first line of Fig. [6](#Fig6){ref-type="fig"} governs the contributions of the NJL-model without gravity. This part is quadratic in the 4-fermion couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{\lambda }_i$$\end{document}$ are given. Since the last two diagrams cancel for vanishing fermionic masses, the contribution quadratic in *G* is also governed by only one diagram. Note that another triangle-type diagram with two graviton propagators does in principle contribute to the third line of Fig. [6](#Fig6){ref-type="fig"}. However, this vanishes in the here considered Landau limit $\documentclass[12pt]{minimal}
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From the diagrammatic flow (Fig. [6](#Fig6){ref-type="fig"}), we extract the flow equations for the couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _\psi (0)$$\end{document}$ appears explicitly in the equations. Due to the structure of the 4-fermion interaction we were able to simplify the flow equations considerably, by identifying different terms corresponding to structurally identical diagrams. The functions $\documentclass[12pt]{minimal}
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In order to understand the general behaviour of the flows of $\documentclass[12pt]{minimal}
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In contrast to the simplified model of one flow equation discussed above, for the complete NJL-model the non-vanishing of fixed points is *not* a sufficient criterion for the existence of well-defined UV and IR limits any more. Due to the increased dimensionality of the phase space $\documentclass[12pt]{minimal}
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In the subsequent second step, we analyse, how the fixed points' eigenvalues, i.e., their attractivity, change under the influence of gravitational interactions. In particular, we are interested if the signs of the latter can change for certain combinations of $\documentclass[12pt]{minimal}
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From this two-step analysis we will draw the conclusion that gravity-induced chiral symmetry breaking is absent in interacting 4-fermion models of the NJL-type.

Fixed-point annihilation {#Sec9}
------------------------

In order to study the fixed points for the NJL-model in full generality, we solve the fixed-point equation, Eq. ([20](#Equ20){ref-type=""}) = 0, for $\documentclass[12pt]{minimal}
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In particular, the fermion anomalous dimension at vanishing momentum $\documentclass[12pt]{minimal}
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Stability of fixed points {#Sec10}
-------------------------

We now turn to our second criterion, the stability of the fixed points in the NJL-model. It is conceivable that, if the gravitational interaction is strong enough, it might change the attractivity of its fixed points. In the vicinity of fixed points, the flow can be linearised. Thus, its behaviour is described by critical exponents $\documentclass[12pt]{minimal}
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Multiple fermions {#Sec12}
=================

In this section we analyse whether the mechanism that prevents chiral symmetry breaking in the 4-fermion system is a property of the fermion number $\documentclass[12pt]{minimal}
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Fixed-point annihilation {#Sec13}
------------------------
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Stability of fixed points {#Sec14}
-------------------------

The calculation of the fixed points' stability for arbitrary $\documentclass[12pt]{minimal}
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Conclusions {#Sec15}
===========

We have analysed the possibility of chiral symmetry breaking in theories of interacting fermions and quantum gravity using a self-consistent FRG-approach. As a general feature for models with 4-fermion interaction of the NJL-type we found that chiral symmetry breaking is absent irrespective of the number of fermion fields and mostly independent of the regularisation scheme.

For this analysis, we have reduced the condition for the existence of well-defined UV and IR limits to the existence and stability of fixed points of the renormalisation group flow. We have interpreted the possible annihilation as well as the change of stability of the latter as indications for a topological change in the phase diagram of the 4-fermion couplings, which could lead to chiral symmetry breaking in the UV. We have found that fixed-point annihilation is ruled out generally for the models discussed here independent of the chosen regulator and the fermion number. However, the change of attractivity of the fixed points is more subtle in particular for an arbitrary number of fermions. Still, we were able to argue that in neither of the present models we expect the fixed-point-attractivity to change due to the interacting of interacting fermions with gravity. This conclusion is drawn from a more detailed analysis based on a specific choice of regulator in the limits $\documentclass[12pt]{minimal}
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                \begin{document}$$N_f\rightarrow \infty $$\end{document}$. Our results imply that gravity-induced chiral symmetry breaking at the Planck scale is avoided for a general class of models with chirally symmetric 4-fermion interactions.
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In the following, we analyse in detail the sign of $\documentclass[12pt]{minimal}
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The fixed-point equation, Eq. ([31](#Equ31){ref-type=""}) = 0, can be solved in a simple and closed form for $\documentclass[12pt]{minimal}
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The critical exponents for the rescaled couplings $\documentclass[12pt]{minimal}
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